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We give a method for counting perfect matchings in line graphs. Consequently, for graphs G of maiximum degree at
most 3, we give a closed formula for the number of perfect matchings in L(G).
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Given an undirected connected graph G = (V,E), a matching is a set of edges M such that no two
edges of M are adjacent. A perfect matching is a matching M such that |M | includes all vertices of G. In
the rest of the paper the symbol |A| denotes the cardinality of A.
A graph L(G) is said to be the line graph of G if each vertex of L(G) represents an edge of G and two
vertices are adjacent in L(G) if they represent adjacent edges of G.
A 2-chain is a simple path of length two. For a graph G = (V,E), a 2-chain cover of G is a set of
edge-disjoint 2-chains that covers the edges of |E|. Note that a perfect matching of L(G) corresponds to
a 2-chain cover of G.
First, we assign to a graph G = (V,E) a rooted tree T = (VT , ET ) in the following way:
Let S be a spanning tree of G and X = {x1, · · · , xk} the set of non-tree edges in G . Define VT by
adding k new vertices {a1, · · · , ak} to V : VT = V ∪ {a1, · · · , ak}. Then replace each non-tree edge xi
by a new edge yi such that one endpoint of yi is ai and the other endpoint of yi is one of the endpoints of
xi. Let Y = {y1, y2, ..., yk} be the set of the new edges. Now define ET as the union ET = Y ∪ S and
choose an arbitrary vertex of T to be its root. We call this an extended spanning tree. Note that we have
2k ways of choosing T , where k = |E| − |V |+ 1 is the number of non-tree edges in G.
Second, we compute the number of descendants for each vertex in T . Let f(v) be the number of
descendants of a vertex v in T (not including v). We call f a descendants function. Let {v1, v2, ..., vn} be
the children of v, where n is the number of children of v.
Then we have the following property :
Lemma 1 (Shiraishi [2]) f(v) is odd if and only if |{ vi | f(vi) is even }| is odd.
This follows from f(v) = n+
∑
f(vi) even
f(vi)+
∑
f(vi) odd
f(vi), where the vertex v is not its own descendant.
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Lemma 2 Let Cv be a set of edge-disjoint 2-chains in T all of which have v as their central vertex such
that:
(a) If f(v) is even, Cv = {viv, vvj} | f(vi), f(vj) is even}.
(b) If f(v) is odd and vp is the parent of vertex v,
Cv = {vpv, vvi} ∪ {{vjv, vvk} | f(vi), f(vj), f(vk) is even}
Then we obtain a 2-chain cover C of G with C = ∪v∈SCv , Cv ∩ Cw = φ for v 6= w .
In what follows, we assume G is a graph with maximum degree at most 3. Then for an expanded
spanning tree T of G based on S, by Lemma2 there exists exactly one 2-chain cover C of G. there are
k = |E| − |V |+ 1 ways of choosing T , so we obtain k distinct 2-chain covers of G.
The following lemma shows that a set of 2-chain cover ofG does not depends on the choice of spanning
trees of G
Let C(S) be a set of 2-chain covers of G based on spanning tree S.
Lemma 3 Let S1, S2 be distinct spanning trees of G. Then two sets, C(S1) and C(S2), are equal.
Proof: For 2-chain cover C in C(S1), consider the spanning tree S2 of G. Since we can construct the
extended spanning tree of S2 by cutting off one endpoint of every non-tree edge in such a way that non-tree
edge is contained in C. so C in C(S2) 2
Finally we have proved the following theorem and corollary.
Theorem Given a spanning tree S of a graph G = (V,E), with |E| even, every perfect matching of
L(G) can be generated by S
Corollary Let G be a graph of maximum degree 3. Then the number of perfect matching of L(G) is
2|E|−|V |+1 if |E| is even.
Example
Let G = (V,E) a graph with V = {a, b, c, d, e} and
E = {1 = ad, 2 = ad, 3 = de, 4 = be, 5 = bc, 6 = ce}.
We consider two distinct spanning trees S1 6= S2 of the graph G. Let S1 = (V, {2, 3, 4, 5}) be a
spanning tree of G, and let a be its root. Figure 1. shows all 4 extended spanning trees based on S1. The
descendants functions values of extented spanning trees are underlined. Fig. 1(a) shows the descendants
function f of an extended spanning tree: f(e) = 0, f(c) = 1, f(b) = 2, f(e′) = 3, f(d) = 4, f(d′) =
0, f(a) = 6, where e′, d′ are vertices obtained by cutting off vertices e, d.
For all extented spanning trees, we obtain the following set of 2-chain covers C(S1) = {{56, 34, 12},
{45, 36, 12}, {56, 14, 23}, {15, 45, 23}} of G.
Hence we have 4 perfect matchings in L(G).
In the same way, Figure 2 shows the case of the spanning tree S2 = (V, {1, 5, 6, 3}):
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Fig. 1: 4 extended spanning trees based on S1
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Fig. 2: 4 extended spanning trees based on S2
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